Lecture 2 - The Fourier Domain &
Digital Filters

2.1 The Fourier transform

Consider again the 1-D case of a sigyiat), the FT is defined as

F(u) = h f(z) exp|—i2muz|dx

and the inverse as

fla) = /_ Z F(u)e®™ e dy

which form aFourier transform pair We note that the FT is, in general, a complex function
of the form F'(u) = R(u) + il(u). We call|F'(u)| the Fourier spectrunof f(z) and¢(u) =
tan~'[I(u)/R(u)] the phase spectrum

2.1.1 2-D Fourier transform

There is no inherent change in theory for the 2-dimensional case, vfliere) exists, so
the FT,F(u,v) is given as

+0o0
F(u,v) = //_ f(z,y) exp|—i27m(ux + vy)|dzdy
and the inverse as
flz,y) = //_+OO F(u,v) expli2m(ux 4+ vy)]dudv

We note that the above aseparable

2.1.2 Some basic theorems

Here are some basic (and useful) theorems related to the FT. They are shown for a 1-D
system, for ease of reading and notation, and directly translate into higher dimensions as
above.



Similarity theorem if f(z) — F(u) thenf(az) — ﬁF(u/a)

Addition theorem if f(z),g(x) — F(u),G(u) thenaf(x)+bg(z) — aF (u)+bG(u)
Shift or twist theoremif f(z) — F(u) thenf(x — a) — exp[—i27wua]F (u)

/f glx —T1)d

thenF'T'[f(z) * g(z)] = F(u)G(u). Note that this is of great use in filtering

[ 1@k = [ |Fapas

I.e. a statement about conservation of energy.

e Derivative theoremiif f(x) — F(u) thenf’(x) = d/dz[f(x)] — uF(u)

Convolution theoremiif

Power theorem

2.1.3 The discrete FT (DFT)

We sample the continuous (start with 1-D) functigiy), at M points spaced\z apart. We
now describe the function as

f(z) = f(zo + zAx)
wherex now describes amdex with this transformationy the Fourier varable paired to
is discretised intd// points. We thus obtain :

Zf x) exp[—i2mux /M|
and
M—1
Z F(u) expli2muz /M]
u=0
and, for 2-D systems
M—-1N-1

f(z,y) exp|—i27(ux/M + vy/N)]

z=0 y=0

11
~ MN

and
M—-1N-1

fa,y) =D > F(u,v)explizn(uz/M +vy/N)]
u=0 v=0
if y is sampled evenly av sample points.
The sampling in the space domaily, Ay corresponds to a sampling in the ‘frequency’
domain of

1
Au =
“ MAzx
1
Av = ——
! M Ay
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2.1.4 Some useful results using the DFT

The total width of the samples in the y directions determines the lowest spatial
frequency we can resolve,,;, = 1/(MAx)

The sample intervalAz, Ay, dictates the highest spatial frequency we can resolve,
Umaz = 1/(2Ax)

The number of sampled/, IV, dictates the number of spatial frequency ‘bins’ that can
be resolved.

Addition & linearity : as with continuous functions
Shift theorem : if f(x) — F(u) thenf(x — a) — exp|—i2mua/M]F(u), hence
f (@, y) expli(uor + voy) /M] — F(u — o, v — o)

and
flx =20,y — yo) — F(u,v)exp[—i27(uz, + vy,)/M]

if we letu, = v, = M/2 then we can shift the frequency space to the centre of the
frequency square

fla,y)(=1)" — F(u— M/2,v — M/2)

Discrete convolution

—_

f(x)* g(x) =Y f(m)g(x —m)

=0

and

Power theorem

Periodicity:

F(u,v) = F(u+ M,v) = Flu,v+ M) = Flu+ M,v+ M)
Note that this leads us to deduce Himsing theorem
Rotation:

f(r,0+0,) — F(w,¢+06,)
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e Average value If we define the average value of the 2-D function as

M—1M—
1

?(ﬁ,y) :W f(x,y)

r= y=

—_

then

1
——
flw,y) = 1;£(0,0)
e Laplacian: The Laplacian of a 2-D variable is defined as

_or o

2 [
v f(x,y) - 81'2 + ayg

The DFT of the above is hence

—(27)2(u* + vH) F(u, )

Trick : Plots of|F'(u, v)| often decay very rapidly from a central peak, so it is good to
display on a log scale. Often the transforfi(u, v) = log[1 + |F(u,v)|] is used.
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Figure 2.1:Image (a), Fourier spectrum (b) and shifted Fourier spectrum (c).
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Figure 2.2:Some 2-D functions and their resultant DFTs
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Figure 2.3:Rotation in FT space.
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Figure 2.4:2-D Convolution.
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2.2 Other transforms

The FT represents a specific case in a more general transform theory. In the FT the image is
decomposed into a series of harmonic functions (sines and cosines). These have the property
of beingorthogonalfunctions and form a&omplete basiset. They are not the only such
functions, however.

e FT kernel basis
e Walsh

Hadamard

Discrete cosine transform (DCT)

Wavelets - localised functions.

We concentrate later in the course on the use of the DCT as this is the most widely used
of the above and forms the basis of JPEG compression. We also look at wavelets as these
form the basis of the JPEG-2000 compression scheme.

2.3 Digital filtering

2.3.1 The sampling process

This is performed by aanalogue to digital convertgtADC) in which the continuous func-

tion f(x) is replaced by a “discrete functiory’k], which is defined only at = k7', with

k =0,1,2. We thence only need consider the digitised sampl¢géiand the sample inter-

val T'. A simple generalisation allows for a sampled set over the 2-D plane, with samples at
uAM,vAN so thatu, v indexes the image pixels.

Aliasing

Considerf(z) = cos(3 %) (one cycle every 4 samples) and al§@) = cos(3: %) (3 cycles
every 4 samples) as shown in the Figure. Note that the resultant samples are the same. This
result is referred to as aliasing.
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2.4 Introduction to the principles of digital filtering

We can see that the numerical processing is at the heart of the digital filtering process. How
can the arithmetic manipulation of a set of numbers produce a “filtered” version of that set?
Consider the noisy signal of figure 2.5, together with its sampled version:

2 -1 0 1 2
Figure 2.5:Noisy data.

One way to (e.g) reduce the noise might be to try amdoththe data. For example, we
could try a polynomial fit using a least-squares criterion. If we choose, say, to fit a parabola
to every group of 5 points in the sequence, then, for every point, we will make a parabolic
approximation to that point using the value of the sample at that point together with the
values of the 4 nearest samples (this fornpgeabolic filter), as in Fig. 2.6

p[k‘] =S¢ + k’Sl + k’282

wherep[k| = value of parabola at each of the 5 possible valugsof{—2, —1,0, 1,2} and
S0, S1, So are the variables used to fit each of the parabolae to 5 input data points.
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parabolic fit

2 -1 0 1 2
centre point, k=0

Figure 2.6:Parabolic fit.

We obtain a fit by finding a parabola (coefficients s; ands,) which best approximates
the 5 data points as measured by the least-squares error E:

2

E(so,51,52) = > _ (a[k] — [s0 + ks1 + ks])?

k=-2

Minimizing the least-squares error gives:

oOF oF oF
a—%_o, 8_31_0’ anda—SQ_O
and thus:
k=2
550 + 10s9 = Z x|k
k=—2
k=2
10s; = Z kx[k|
k=—2

k=2
10sg + 3452 = Y K’a[k]

k=-2

which therefore gives:

50 = %(-31«[—2} 4 120(=1] + 172[0] + 122[1] — 32[2))
o = lio(—zx[—z] 1] + af1] + 22[2))
6 = 1—14(23;{—2] =] = 22[0] — 2[1] + 22[2])

The centre point of the parabola is given by:

PIk] [k=0= so + ks1 + k53 [k=0= 50
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Thus, the parabola coefficiess given above is the output sequence number calculated
from a set of 5 input sequences points. The output sequence so obtained is similar to the
input sequence, but with less noise (i.e. low-pass filtered) because the parabolic filtering
provides a smoothed approximation to each set of five data points in the sequence. Fig. 2.7
shows this filtering effect. The magnitude response (which we will re-consider later) for the
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Figure 2.7:Noisy data (thin line) and 5-point parabolic filtered (thick line).

5-point parabolic filter is shown below in Fig. 2.8.
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Figure 2.8:Frequency response of 5-point parabolic filter.

The filter which has just been described is an examplerara recursivedigital filter,
which are defined by the following relationship (known adifeerence equation

rlk] = Zaif[k — i

where theu,; coefficients determine the filter characteristics. The difference equation for the
5-point smoothing filter, therefore, is:

1

rlk] = T

(=3flk+2|+ 12f[k + 1] + 17f[k] + 12f[k — 1] — 3f[k — 2])

This is anon-causafilter since a given output valuék| depends not only on previous inputs,
but also on the current inpytk], the inputf[k + 1] and the inputf [k + 2]. The problem is
solved by delaying the calculation of the output vafiig] (the centre point of the parabola)
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until all the 5 input values have been sampled (i.e. a del@f ofhereT” = sampling period),
ie:

rlk] = %(-3/-’[/{;] 12k — 1)+ 1Tf[k — 2] + 12f[k — 3] — 3f[k — 4])

It is of importance to note that the equatioft] = > a;f[k — ] represents discrete
convolutionof the input data with the filter coefficients; hence these coefficients constitute
theimpulse responsef the filter.

Proof:

Let f[k] = 0, except att = 0, wheref[0] = 1. Thenrk] = > . a;f[k — i] = axz[0]
(all terms zero except when= k). This is equal tay, sincef[0] = 1. Thereforer[0] = aq;
r[1] = aq; etc.... As there is a finite number afs, the impulse response is finite. For this
reason, non-recursive filters are also caladite-Impulse Respons€FIR) filters.

As we will see, we may also formulate a digital filter as a recursive filter; in which, the
outputr|k] is also a function of previous outputs:

rlk] = aiflk — i)+ Zbir[k; — ]

=

Before we can describe methods for the design of both types of filter, we need to review
the concept of the-transform.

2.5 Thez-transform

The z-transform is important in digital filtering because it describes the sampling process
and plays a role in the digital domain similar to that of the Laplace transform in analogue
filtering.

The Laplace transform of a unit impulse occurring at time- k7" is e *7*. Consider
the discrete functiorf k] to be a succession of impulses, for example of gi@a occurring
atz = 0, f(1) occurring atr = T, etc.... The Laplace transform of the whole sequence
would be:

Fa(s) = f(0) + f(1)e™ + f(2)e 2" 4 ...+ [lK]e T

The suffixd denotes the transform of tliiscretesequence, not of the continuofi§).
Let us replace’* by a new variable, and renamé’;(s) asF(z):

F(2)=f0)+ f()z7  + f(2)22 +... fk]z"

For many functions, the infinite series can be represented in “closed form”, in general as
the ratio of two polynomials in—!.
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2.5.1 The Pulse Transfer Function

This is the name forz(transform of output)X-transform of input).

Let the impulse response, for example of an FIR filtergpatt = 0, a; atz =T, ... q;
atr = nT withn =0to N.

Let G(z) be thez-transform of this sequence:

G(z)=ap+az +az 2+ ... +az""+...anz™"
Let X (z) be an input:
F(2) = flO] + fl1z" 4+ f[202 2 + ...+ flk]zF + ...
The productG(z) F(z) is:
G(2)F(2) = (ap + a1z "+ . canz ™ + . ..anz ) (F0] + fLz7 + ... flk]= )
in which the coefficient of ~* is:
aof[k] + a1 flk — 1] +...anflk —n]+...anflk — N]

This is nothing else than the value of the output sample at k7. Hence the whole
sequence is the-transform of the output, sai(z), whereR(z) = G(z)F(z). Hence the
pulse transfer function(z), is thez-transform of the impulse response.

For non-recursive filters:

N
G(z) = Z a;z"
n=0
For recursive filters:

R(z) = Z a;z "F(2) + Z biz "R(z)

R(z) o apz "
&) =Fn " 12 S b ™

2.5.2 z-plane pole-zero plot

Let z = T, whereT = sampling period. Since = o + i27u, we have:

5= ec7T€7L27ruT
If 0 =0, then| z |= 1 andz = ™7 = cos 2ruT + isin 2wuT), i.e. the equation of a
circle of unit radius (theunit circle) in the z-plane.
Thus, the imaginary axis in theplane ¢ = 0) maps onto the unit circle in theplane
and the left half of the-plane ¢ < 0) onto theinterior of the unit circle.
We know that all the poles @F(s) must be in the left half of the-plane for a continuous
filter to be stable. We can therefore state the equivalent rule for stability inpiene:

For stability all poles in the z-plane must be inside the unit circle.
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2.6 Frequency response of a digital filter

This can be obtained by evaluating the (pulse) transfer function on the unit circle ( i.e.
5 = 62m’uT)_

Proof
Consider the general filter

= anflk — 1]

NB: A recursive type can always be expressed as an infinite sum by dividing out:

eg., for G(z) = #, we have r[k] = Zao.b?f[k' —

Let input before sampling bes(27ut + 0), sampled at = 0,7, ..., kT. Thereforef[k] =
cos(2mukT + 6) = %{ei(%ukTJrG) e i2mukT+0))

ie T' E a, 61{27ru[k n]T+6} 4= § : —z27r{u[k—n]T+9}
00 1 00
— z(27rukT+9 E ane—127runT 5 —127r (ukT+0) E an6127runT
n=0 n=0
()
Now § anefﬂﬂ'unT — § : an<€127ruT)fn
n=0 n=0

But G(z) for this filteris > " a,2~

and so Z ane—i27runT _ G(Z)Z _ ei27ruT

n=0
LetG(z), = e2™T = Ae™.
Then .
D a,e®™ T = Ae™®  (complex conjugate)
n=0

Hencer[k:] — %61(2wukT+9)Aei¢ + %e—z’(%ukTJr@)Ae—iqb

or rlk] = Acos(2rukT + 6 + ¢) whenflk] = cos(2rukT + )

Thus A and¢ represent the gain and phase of the frequency response. i.e. the frequency
response (as a complex quantity) is

G(Z) | z=ei2muT
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